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I. INTRODUCTION 

This work addresses an important aspect arising in 
the study of fermion-antifermion annihilation. Though 
it is straight forward to introduce partial-wave scatter- 
ing amplitudes in the helicity formalism of Jacob and 
Wick [T], it is a nontrivial task to derive transforma- 
tions that lead to amplitudes that are kinematically un- 
constrained. Much work has gone in the derivation of 
kinematically unconstraint amplitudes for spin- 1/2 scat- 
tering, see for example Ref. Such amplitudes have 
so far not been established for systems involving spin- 
1/2 and 3/2 fermions. Kinematically unconstraint am- 
plitudes are useful for partial-wave analysis or effective 
field theory approaches which consider the consequences 
of micro causality in terms of partial-wave dispersion- 
integral representations [3HS]- It is the purpose of the 
present work to derive such amplitudes by suitable trans- 
formations of the helicity partial-wave scattering ampli- 
tudes. Our results will be relevant for the PANDA ex- 
periment at FAIR, where protons and antiprotons may 
be annihilated into systems of spin 3/2 states. 

The technique applied in this work has been used pre- 
viously in studies of two-body scattering systems with 
photons, pions and nucleons [H |31 [7til4j. A more re- 
cent work addressed the scattering of pseudoscalar off 
vector particles flS]. A possibly related approach is by 
Chung and collaborators [121 HZ] ■ It was applied so far 
to mesonic systems only. 

In an initial step we decompose the scattering ampli- 
tude into invariant functions. For on-shell kinematics 
such a decomposition is not unique for systems involving 
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particles with nonzero spin. The task is to find a basis 
of invariant functions that are free of kinematical con- 
straints. Such amplitudes are expected to satisfy a Man- 
delstam dispersion- integral representation [7l[T8j. At this 
point we distinguish kinematical from dynamical singu- 
larities. Kinematical singularities are dependent on the 
particularities of the used basis and typically occur at 
thresholds or pseudo-thresholds. Dynamical singularities 
are related to interesting physics such as resonances. 

In a second step we consider partial-wave projections of 
the scattering amplitude. Our goal is to establish partial- 
wave amplitudes with convenient analytic properties that 
justify the use of uncorrelated integral-dispersion rela- 
tions. In particular we want to avoid cumbersome con- 
straints relating different partial-wave amplitudes. Our 
starting point are the helicity partial-wave amplitudes. 
It is well known that different helicity partial-wave am- 
plitudes are correlated at various kinematical conditions. 
This is readily seen if the helicity partial- wave amplitudes 
are expressed in terms of a basis of invariant functions. 
The kinematical constraints in the helicity partial-wave 
amplitudes are eliminated by means of nonunitary trans- 
formation matrices that map the initial, respectively final 
helicity sates to new covariant states. Since the mapping 
procedure is based on the exclusive use of on-shell ma- 
trix elements there is no model-dependent off-shell de- 
pendence in our considerations. 

The work is organized as follows. Section II introduces 
the conventions used for the kinematics and the spin- 
1/2 and 3/2 helicity wave functions. It follows a section 
where the scattering amplitudes are decomposed into sets 
of invariant amplitudes. We consider all two-body reac- 
tions possible with spin-1/2 and 3/2 fermions. In section 
IV the helicity partial-wave amplitudes are constructed 
within the given convention. The central results are pre- 
sented in section V, where the transformation to partial- 
wave amplitudes free of kinematical constraints are de- 
rived and discussed. 
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II. WAVE FUNCTIONS AND CONVENTIONS 



of spin-one-half and spin-one wave functions 



We introduce the 4- momenta pi and pi of the incoming 
and outgoing particles and those of the anti-particles, p2 
and p2 ■ In the center of mass frame we write 

p'^ = {Ei,0,0,+p) , = (^i,+psin6',0,-t-pcos6') , 



pt^ = (^2,0,0,-p) , pt^ = {E2,~psm9,0,-pcoa9) , 
E2^^Ml+p\ E2 = ^hq+p\ (1) 

where 9 is the scattering angle, p and p are the magni- 
tudes of the initial and final three-momenta. The relative 
momenta can be expressed in terms of the total energy 
i/s of the system 



= p^ + p^ = p^ + pi^ , 



(2) 



It holds 



js ^ {Ml + M2)^)is - {Ml - A'h)^) 
_ 4.S 

(■s - (Ml + M2?){s - {Ml - Nhf) 
As 



(3) 



We continue with the specification of hclicity eigenstates. 
This is an important part of the documentation since 
there are various distinct phase conventions being used 
in the literature. For the spin-1/2 fermions the Dirac 
spinors for the outgoing states are 



u{pi,±\) 
u{p2,±^) 



2M2 



X+ 



2M2 
X- = 



(4) 



The spinors of the incoming states are recovered by set- 
ting 9 = and removing the bars in Q. It holds the 
completeness relation 



^ u{p,X)u{p,X) 



M 



2M 



(5) 



We specify the helicity states for a spin-3/2 parti- 
cle [in]. Most conveniently they are expressed in terms 



= e''{pi,±l)u{pi,±^), 



(pi,0)M(pi,±i) 



ie^(pi,±l)u(pi,Tl) 



e''(pi,±l) 



=F cos & 

— I 

V2 
± sin 6 . 

\ V2 / 



'{Pi,0) = 



p 

Ml 

sin( 



Ml 



^1 cos 6* 



\ Ml 



and 



u'^(p2,±|) = e^fe,±l)"fe,±i) 



2e^(p2,0)u(p2,±i) 



ie''fe,±l)«fe,T|) 



/ \ 

± COS 9 

— 2 

\ %/2 / 



p 

_M2 





(6) 
\ 

7 

/ 

(7) 
\ 



Again the spinor of the corresponding initial states is 
recovered with 9 = and by removing the bars in ([6j [7| . 
The main properties of the spinors are recalled with 



J2 u^ip,X)u''{p,X) = 



(^+M) 
2M 



'SM^ 
j^u^ip,X)=0, 



3 Af ' ^ ' ' 
p^u^ip,X)=0. 



(8) 



It remains to detail the phase convention of the anti- 
particles spinors. We use 

v{pi,X)=u\pi,X)C, v{pi,X) = C-^u'{pi,X), 
v{p2,X) = u\p2, X) C , v{p2, X) = C-'u*{p2,X) , 

(9) 

Vf^iPiA) = ul{pi,X)C , v^{pi,X) = C"^uJ,(pi,A) , 
Vt,{P2, A) = ul{p2, X) C , W^(P2, A) = C"^uJ,(p2, A) , 

where C = i 72 70 is the charge-conjugation matrix and 
A is the helicity of the spinor. It follows 



V{P2,±1) 

V^{P2,±1] 
Vf,{p2,±\] 



-E2+M1 ■ I cr e 

2M2 ''"v'^ AT 



e*{p2,±l)v{p2,±\] 



^el{p2,0)v{p2,±l) 



1^1{P2,±1)v{p2,t\] 



(10) 
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III. INVARIANT AMPLITUDES 

We decompose the scattering amplitudes into sets of 
invariant functions. For this purpose it is convenient to 
introduce some further notation 

k^\{pi-p2), k=\{pi-p2)- (11) 

We will consider first the scattering of spin-1/2 particles. 
It is described by the on-shell scattering amplitude 



EE 

i=i ± 



± 

2 2 '22 



(12) 



T(i) =1x1, 
T(3) = 1 X ^ , 



T(2) = 7^ X 7^ ^ 
T(4) = ^ X 1 , 



in terms of eight scalar functions . The on-shell parti- 
cle and antiparticle spino rs a re implied by the (■ • • ) and 
{■ ■ notations used in ( 12 ), 



(rxr)ti^,i = (rp±®p±r)ii^ii = 

22 22 2222 

{uipi)fP±v{p2)) («(p2)P±ru(pi)) , (13) 

where for notational clarity the reference to the helicities 
of initial and final states is not made explicit. 

The number of invariant amplitudes needed is deter- 
mined by the number of helicity amplitudes. Since we 
are assuming parity conservation the total number of in- 
dependent helicity amplitudes is 



(2 S, + 1) (2 52 + 1) (2 Si + 1) (2 52 + 1) , (14) 



where 5i , 52 and Si , 52 are the spins of the initial and 
final particles. 

We assure that our decomposition ( 12 ) and the ones 



presented below imply that the invariant amplitudes F^ 
satisfy a Mandelstam dispersion integral representation 
free of kinematical constraints. They are functions of the 
Mandelstam variables s, t and u. 



The particular choice of tensors in ( 12 ) is not unique. 



The scattering amplitude considered at off-shell kinemat- 
ics requires a more general decomposition. For instance 
the structures 75 (8i 75, which is not considered in ( 12 ), 
is on-shell equivalent to (Mi -|- M2) 75 (Xi 75. 

Our bases are characterized by their property that if 
any structure not part of a basis is decomposed into the 
basis set no kinematical singularities arise in the on-shell 
limit. The identification of such bases sets is a nontrivial 
task getting more and more tedious as the spin of the 
involved particles increase. A good starting point are 
tensors which involve minimal powers of momenta. 

We continue with the reactions involving a single spin- 
three-half particle only. There are four cases to be consid- 
ered. A decomposition analogous to ( 12 ) is established. 



While ( 12 ) involves eight scalar functions F{^^ the re- 



placement of a spin-one-half by a spin-three-half particle 
leads to 16 scalar functions. For notational convenience 
the invariant amplitudes are denoted with Pf'Lg, even 
though this implies a conflict of notation for some am- 
plitudes. Given the local context a misinterpretation is 
excluded. We consider first the two spin-three-half pro- 
duction amplitudes 



ni-ii=EE^(^^^)ti^.i' (15) 

2222 22 ^^22 

i—1 ± 

(f X r)f f_^3 I = S^Pl) f V{p2) V{P2) P±Tu{pi) , 

2 2 ~^ 2 2 

4 

I ^1 1 = E E ( ) ^ C - , (16) 

2 2-^22 -^-^ ^ 22-^22 

(f X r)±f , 3 = U{pi)f V^{p2) V{p2) P± r U{pi) , 

2 2 ~^ 2 2 



ri'' = 1x7^, 
Tfi = fcp X 1 , 
Ti'^ = X 1 , 
Tf ^ = 1^ X 1 



T/i — 1^ X 7^ , 
T^^^ = 7" X 7, 
tI^'^ = u.^ X I , 



T, 



,(8) 



X 1 



For the inverse reactions we use a convention generated 
unambiguously by the tensor choice in (15 16), where 



any tensor is replaced by a corresponding tensor 
generated using the following rule 



= r X r 



rp{i) 



70 r^7o X 70 70 



(17) 



The decomposition of the inverse reactions is formally 
analogous to (fl5 16) where the role of the tensors 
is taken over by . The bracket notation is extended 
naturally with 



(r X r)f,'\ , J = u{pi)T P± Vip2) V{P2) PT^U^iPl) , 

2 2 ~^ 2 2 

(f X T)f{^,,^u{pi)fP±v{p2)v''{p2)PT^uipi). 



We proceed with reactions involving two spin-three- 
half particles. There are six different cases to be stud- 
ied. It suffices to detail two reactions, the remaining are 
implied unambiguously within our notations and conven- 
tions. The first four cases are introduced with 



2 2 '22 



1-1 ± 



22^22 



(18) 



(f xr)±'/^3i = (uf^ipi)fP^vip2 

2 2 ~^ 2 2 ^ 

X {v{p2)P^Tu^{pi)y 
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.(1) 

■-an 
.(3) 

7.(5) 



7.(2) 
MM 

7^(4) 
(6) 
7^(8) 



7m X 7m 
7m X ifp 



(10) 



7r X 7'^ ^M 



T'/iM = fc^ 7t X 7^ , 



7^(16) 

MM 



fc^ X 



Any of the three additional reactions which involve a 
spin-three-half particle or antiparticle in the initial and 
final state is decomposed in terms of the tensors intro- 



duced in (16 18). The corresponding bracket notation 
follows from (16 18 I upon moving the Lorentz indices to 



the appropriate spinors. 

It is left to detail the reactions involving a spin-three- 
half particle and antiparticle in either the initial or final 
state. We write 



16 



(19) 



(r X r)f ^ 



=1 ± 



9^,1. 1x1, 
9t,u 1^ X 1 , 



rp{3) 

fiiy 
(7) 

= kfj^ X % , 



T^tn) = g^i. 7t X 7^ , 

T^u — 9^11/ 1 X ^ , 
T^y — 7/i X kjj , 

^i?-^ = U'a' 7r X 7^ Wj. , 

J/ji^ ^ 7t X 7^ J 
liJ-^^ = 7r X 7^^ ky , 



7,(14) 

7,(16) 



Wn X 



and refer to (17) as a definition of the inverse reaction. 



We continue with the reactions involving three spin- 
three-half particles. There are four cases to be studied. 



32 



'7^3 1 .33 

22^22 



_ ^± ^ 71(1) \±,/J!/Al 



(20) 



=1 ± 



{t xrf.f^l, ^ (u^{p,)f p^v'{p2) 



32 



Ti 3 ,33 
2 2 ~^ 2 2 



-1 ± 



2 2 2 2 



(21) 



(r X r)f V 



3 ,33 
2 2 2 2 



{u^{pi)fP±V^p2 

< {v''iP2)P±ru{p,) 



7.(1) . 

Ml'M " 
7,(3) 

Ml'M " 
7,(5) 

7^(7) . 

rp{9) 

I^Vfl 
7,(11) 

Ml'M 
7,(13) 

7,(15) 
7,(17) 
7,(19) 
7,(21) 
7,(23) 
7,(25) 

/if /J, 

7,(27) 

7,(29) 
7,(31) 



.g/ip 7m X 1 , 

1 X , 
.9^,^ X 1 , 

.g/ip 1 X fcp , 

.9mm X 1 , 

- .9mi' ^ X , 

: X 7p , 

- .9mp 1 X ^ A:^ , 

= 9ufi WfiJji X 1 , 

- .9mm fcp X 1 , 

= u;p 7^ X 7'^ li;^ , 
= X fc^ , 

= fcp fcp 7r X 7^ , 
: 1^ X 7p , 
: xtw^, 



7,(2) 

7^(4) , 

7,(6) 

7,(8) 

7,(10) 

7,(12) 

7,(14) 
7,(16) 
7,(18) 
7,(20) 
7,(22) 
7,(24) 
7,(26) 
7,(28) 
7,(30) 
7,(32) 



9f,f,i X 7p , 

ff/IP 7r X 7^ , 

7m X 7p , 
9p.p 7m X ^ 1 
= .9mm X 7p , 
= .9mp X I u;^, , 
: u)^ 7^ X 1 , 

: fcp X 7p , 

-'Wf^x-ff^k^, 

WfiWc X Wf, , 

- kfiWc X , 

- ki) X w ^ , 

-^WfiWiyJ^X%, 

-^Wp^Wi^^XW^, 

-^Wfiki^^xw^, 

- fcp |t X Wfj^ . 



We use ( 17 ) to obtain the tensors for the other two inverse 



reactions. 

The scattering of spin-three-half-particles is described 
by the on shell scattering amplitude 
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(22) 



^ll^ff Z^Z^^« \^Ml'M''/33^3^ 

i—1 ± 

(f X r}^fy, = (uf^'{pi)rP± v'{P2) 

2 2 2 2 ^ 

X (r(p2)P±rM^(pi) 

where the tensors T^p^^ are given in Table |l] 

IV. PARTIAL- WAVE DECOMPOSITION 



The helicity matrix elements of the scattering operator, 
T, are decomposed into partial-wave amplitudes charac- 
terized by the total angular momentum J. Given a spe- 
cific process together with our convention of the helicity 
wave functions it suffices to specify the helicity projection 
of the initial and final wave functions Ai,A2 and Ai,A2. 
We write 

(A1A2I T IA1A2) = ^(2 J +1) (A1A2I TJIA1A2) dg(0) , 



(23) 



(AiA2|rj|AiA2) 



dcos6' ,- - 



with A = Ai — A9 and A — Ai — A2. Wigner's rotation 



functions, d^^'ho), are used in a convention as character- 



ized by (23) 
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TABLE I: Tensor basis for the scattering of spin-three-half particles 



7.(1) 






7,(2) 




<7/7fy 'I'-r X 'Y^ 0,,,. 






Qf}j, Qun 1X1 


7,(4) 




QDu Qnu Tt X ■T^ 


7^(5) 




^ f.Liy ^ ^ 1 ^ f-tt-^ 






(7m,-/ 1 X ^ 0,,,y 


7,(7) 




t/;,-; X (7m f/ 

1 fj, ^ f-L ly 


7,(8) 




y f-Lu 1 f-L ^ L-*-' /-^ 


7^(9) 
-'- fluflu 












7,(11) 




Qr,i, Wr, Tm X 1 


7,(12) 




(7,-7,, 1 X 'Yri l/^M 


7^(13) 




Qw Qfj,^! ^ X 1 


7,(14) 




^Pi^ ^/i/j, 1 X ^ 


7,(15) 




1/;^ X 1 


7,(16) 






7^(17) 




o,"7,"yl X iUm 1/;,, 


7,(18) 




Ori,"^ ■^T- X 'y''' IUm 


7,(19) 




0mm ?I?f"^ X itJiy 

^ fl f-L LAV LL/ ^ 


7,(20) 




Of^jy "UJm "/t- X "UJm 
y 1/ U fJ /V / fl 


7,(21) 




/i^M l/^i/ X 1 Oi/iy 
' ^ fjj ' ^ ^ fJ, ly 


7,(22) 




Orif-y 1 X A^i, itJiy 


7,(23) 




k l_i X 1 ^ 


7,(24) 

-'^ yu^h' 




kn k,-, X Omi^ 

* ^ fJ. ' ^ ly ] T / y fJ,ty 


7^(25) 






7,(26) 




Orif"^ ■^T- X 'y''' fc,, 


7,(27) 




Qr,D I1J X ft 1(;m 






^f-ifj. kijj X ^tUj^ 


7,(29) 




Q f-Lf-l '^-^ ^ ^ 


7,(30) 




Wn ^ X "^ly (7,,,, 


7,(31) 




Qr,w hrj '7t- X '7^ U^m 


^(32) 




Qww Wr, It X 'Y^ A:,, 


rj.{3'i) 




tf/j, Wi, ^ X 1 Q/j^iy 


7,(34) 




Wji Wi) X ^ ^r^i/ 


7,(35) 




Sfii' ^ X t/;^ It?!/ 


7,(36) 




Qfii} 1 X ^ 1/;^ li!^ 


rp{37) 
jj.l' fA.U 




wji Wi? 7^ X Wi, 


7,(38) 




X 7^ it;^ u?!/ 


7,(39) 




tjj Ajjy ^ X ^ fj,ij 


7,(40) 




^r^jy 1 X ^ 1/;^ 


7,(41) 




Qr,<, Wn Ik X W,, 


7,(42) 




A^ri X 'yr, Wi, W,j 


7,(43) 




Wn Wr, Tm X /Ciy 


7,(44) 




Oriiy lt?ri X hw,, 
y flu "J »" fi 


7,(45) 






^(46) 






7,(47) 






7,(48) 

fJ.V fJ.f 






7,(49) 






7,(50) 




Wji Wi:, 7t X 7^ Wp Wi, 


7,(51) 




fcp fcj7 X Iti^ 


7,(52) 




kfi ki? -jr X 7^ ro^j Wi, 


7,(53) 










Wp Wi? Jr X 7^ fcp fc^ 


7,(55) 




fcp W[, X Wp w„ 


7,(56) 




wp wa X kp w„ 


7,(57) 




Wp^ X -yc Wp 


7,(58) 




w)p lUi; 7^ X 1 ■u;^ 


7,(59) 




WpWa^ X Wp w^ 


7,(60) 




Wp Wa X%Wp Wa 


7,(61) 




Wfiki)^ X Wp Wv 


7,(62) 




WpWn xi Wp ku 


7,(63) 




kfi ^ X Wfj, Wi/ 


7,(64) 

-'^ fj.iyfj.iy 




'^fi X % kjj^ ki/ 



It is useful to introduce parity eigenstates of good total 
angular momentum J, formed in terms of the helicity 
states |Ai,A2)j [T. The phase conventions assumed in 
this work imply the relation 

(-A1-A2ITI-A1-A2) = 

^ (_)Si-S.+Si-S. + A-A ^^^^^1 y 1^^^^^ (24) 

The various parity eigenstates are readily identified. For 

1 1 

2 2 

1 

1 

71 



the h h system we introduce 



|2±,J) 
For the |^ system, 

|2±,J) 
|3±,J) 
|4±,J) 
For the ^1 system. 



1 

71 
1 

71 
1 

71 
1 

71 



1 

71 



(l+i 


+^).± 


1 

2 ' 


4). 


(l+i 




1 

2 ' 




(l+i 




1 

2 ' 




(l+i 




1 

2 ' 




(l+i, 




3 

2 ' 




(l+i. 




3 

2 ' 




(l+i 




1 

2 ' 





(25) 



(26) 



|2±,J) 
|3±,J) 
|4±,J) 



1 

71 
1 

71 
1 

71 



For the 1 1 system, 



|2±,J) 
|3±,J) 
|4±,J) 
|5±,J) 
|6±,J) 
|7±,J) 
|8±,J) 



_1 _1\ zr 

2 ' 2/ J T 

2 ' 2/,7 
2 ' 2/ J T 







).± 


1 

2 ' 




T.^ 




).± 


3 

2 ' 




T.^ 




).± 


1 

2 ' 




T.^ 




).± 


3 

2 ' 




T.^ 


1 3 

2 ' 2 


).± 


+ h 




T.^ 


' 2 ' 2 


).± 


1 

2 ' 




T.^ 


1 3 „1 
^ 2 ' 2 


).± 


3 

2 ' 




T.^ 


I 3 3 
' 2 ' 2 


).± 


3 

2 ' 





(27) 



(28) 



The partial-wave helicity amplitudes t^. that carry 
good angular momentum J and good parity are defined 
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with 



where we have introduced the notation 



t 



±,ij 



{^±,J\T\j±,J) , 



(29) 



where i and j label the states. The unitarity condition 
takes the simple form 



tiis) 



Ml M2 p, 
2ti .ft 



(30) 



where Mi and M2 are the masses of the particles of the 
intermediate state. 



V. COVARIANT PARTIAL- WAVE 
PROJECTORS 

From a field theoretical point of view a two-body scat- 
tering amplitude is determined by the Bethe-Salpeter 
equation in terms of an interaction kernel defined by 
two-particle irreducible Feynman diagrams and a fully 
dressed two-particle propagator. To establish a connec- 
tion we consider first the limit of short-range forces. Cor- 
respondingly, we consider quasi-local two-body interac- 
tion terms as they arise naturally in any type of effective 
field theory. It is almost obvious that for such structures 
the Bethe-Salpeter equation can be solved by algebraic 
methods (see e.g. [T5| ) . 

The off-shell scattering amplitude 



J,±,a,b 

+ T"^-''^''^\k,k,w) (31) 



can be decomposed into on-shell partial-wave ampli- 
tudes ^ij{s) and a set of projectors ^^^{k, k, w) that 
carry well defined total angular momentum J and par- 
ity [13 HH [23 [5S]. The indices a, b reflect the possible 
stateswith given total angular momentum and parity 
(see ( [25p8l )). The remainder T°^-^^°^\k,k,w) vanishes 
for on-shell kinematics. While the partial-wave ampli- 
tudes T^^f^{s) depend on the total energy s only, the 
projectors are fully off-shell quantities. The latter are 
nothing but suitably constructed polynomials in the 4- 
momenta /c^, fc^,?/;^, and 7^. Depending on the reaction 
considered they may carry open Lorentz indices. By con- 
struction a partial- wave projector y'j. ^i^{k,k,w) is non- 
vanishing only for its associated angular momentum J 
and parity in the center of mass frame. As a consequence 
the projectors are a convenient tool to solve the Bcthe- 
Salpeter equation in the limit of short-range forces. 
In the absence of spin the construction of the projectors 
is trivial. It is implied by the identification 



(32) 



k ■ w 



(33) 



with the Legendre polynomials Pj. For a given angular 
momentum J the projector as given in ( 32 1 is a polyno- 
mial in the three off-shell momenta f , r, w after multipli- 
cation with the factor s"^ . The latter reflects a particular 
normalization of the projectors that imply their associ- 
ated phase-space function to be asymptotically bounded. 

While in the scalar case the covariant-partial wave am- 
plitudes T^{s) are obtained from the helicity-partial wave 
amplitudes i±(s) by dividing out the phase-space factor 
{pp/sY , for the cases of interest in this work the analo- 
gous relations are significantly more complicated. They 
take the form 



PP 



[Ui{.s)fti{.s)Uii.s), (34) 



with nontrivial matrices U±{s) and U±{s) characterizing 
the transformation for the initial and final states from 
the helicity basis to the new kinematic-free basis. This 
implies a change in the phase-space distribution: 



Ml M2 f p_ 
27r 



1 J+i 



C/±^(.)l" \uiis) 



(35) 



Like in the scalar case we adapt a convention for the 
transformation matrices that lead to an asymptotically 
bounded phase-space matrix, i.e. we require 



lim det p±(s) = const 7^ . 



(36) 



It is important to realize that all covariant partial wave 
amplitudes are subject to kinematical constraints at s = 
0. Dividing out powers of s will not introduce additional 
kinematical singularities, but it will just change their re- 
alization. 

The significance of introducing the kinematic-free ba- 
sis lies in the identification and elimination of kinematical 
constraints. Helicity-partial-wave amplitudes are corre- 
lated at specific kinematical conditions. This is seen once 
the amplitudes t'i iji\fs) are expressed in terms of the 
invariant functions F^is,t). If one ignores such correla- 
tions it is impossible to reconstruct the invariant func- 
tions from the partial-wave amplitudes in an unambigu- 
ous manner. This is a well know problem related to the 
use of the helicity basis in co-variant models, see for ex- 
ample the review Ref. |2]. In contrast covariant-partial 
wave amplitudes Tiis) are free of kinematical constraints 
and can therefore be used efficiently in partial-wave dis- 
persion relation. 
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In the following we will present the required trans- 
formation matrices relevant for this work. To the best 
knowledge of the authors they are novel and not pre- 
sented in the literature before. We provide a particularly 
detailed presentation for the H — ^ H case, but refrain 
from giving the tedious details for the remaining cases. 

Any scattering matrix can be expressed in terms of the 
tensor set ( 12 1. To construct the kinematic- free basis it is 



therefore a necessary condition that the matrix elements 
of the tensors (12 1 evaluated in the new basis are free 



from singularities. After some calculations this condition 
leads to the transformation: 



V2.7 + 1 y/^ 

y./ (2 .7+1) /3± Vi 
" ^2(,/+l)a± ^2J{J+l)ai 







V2 J+lp 




E2TM2 
2M2 



The expression for a± and l3± follow from the definition 
above by removing the bars. 

The phase-space distribution becomes: 



pill 



s) 



1 



(2 J+ l)7r 



P 



2,7-1 



4s^ 2s^/s 
Jp^M± J{s-Ml) ((.7+1) ^+,7 a4) 
2sVs 



,(38) 



where M± = Afi±M2. We observe the consistency of the 
phase-space distribution ( 38 ) with the desired asymptotic 
behavior ( 36 1 . 



The construction of the associated projectors involves 
the polynomials introduced already in ( 32 ) and their 



derivatives defined as 



^2 ^2\ (.^-2)/2 



Pj[- 



(39) 



obeying identities that can easily be derived from those 
of the Legendre polynomials such as 



(2j + i)r; = y;+i-— yj.i. 



(J + 1) Fj+i 



(2 J + 1) Yj 



{J-n)Y} 



(«) 



s 



J ^2 ^J-i 



(40) 



where n denotes the order of the derivative. The projec- 
tors read 



y±M 



s 





3^±,12 - 


Tl 

s 






j-v jt2 
y/s S 




(37) 


3^±,21 = 


Tl 

s 




[^y:,i 


j;fl j,2 

\fs s 


Y'j^, 



y±,22 



±1 

S 



{% P± ® P± 7.) [g^'Y:, + 2 ^ Y'j_, 



j.i> J. 
\fs s 



2 / 



'S S 



Y" 

^7-1 



Y 



7-1 



Y 



,7-2 



(41) 



where ji^ = ji^ ~ ^jjw^/s. The important merit of (41) 
lies in its regularity in the 4-momenta. This implies that 
its associated partial-wave amplitudes are suitable for use 
in dispersion-integral equations. 

The partial- wave amplitudes can be computed in terms 
of the invariant amplitudes F^{s,t). The expressions 
require an average over x = cosO of the center of mass 
frame. We established the following result 



Till = T 



:2J + 1) 



^K.i 



K,2 



M. 



M4 



±,3 ■ 



JM± Mi 
(J + 1) 



T,2 



(42) 



(2J + l)M±Af± (M^-s) (M|-.) M^p' ,7+1 _ M^P' {M^ ~ ^) ,7+1 

4(J+l)s2 ^±^2 2 s ±'3 2 s 



rpj 

-'±,12 



±,21 



gV2 
s3/2 



■A 



7-1 
±.3 



T 



(2 J + 1) M± 



^±.4 T 



4(J+l)Vs 
(2 J + 1) M± 
4(J+l)y^ 



{Ml - s) A' 



p2 (M 



T,2 



(Ml - s) A' 



p2 (M 



T,2 



^7+1 



4 7+1 



-? 2 

, pV ,7+1 



± 



-9 9 

P P .7+1 



A 



±,4 ' 



8 



T. 



±,22 



= ±- 



"2 J 



^±,2 T 



(2J+1) (M|-s) (M|~.s) 
8 (J + J2) s 



<2± 



2 „2 



2(J+l)s 



where M± = Mi ± M2 and M± = Mi ± M2 and 



pp 



dcos9 F:;^{s,t) P J {cos e) , 



on shell ^-j-' 2 



E^^i.w^/' (43) 



with the Legendre polynomials Pj {cos 9). The expres- 
sions ( 42 1 were obtained in application of the general 
results of Appendix A. From our expression for 
and it follows that there are no kinematical con- 

straints left. Any correlation in the partial- wave ampli- 
tudes would manifest itself in a singular behavior in the 
expressions for the projectors. Conversely, a correlation 
in the projectors would lead to a singular structure in the 
expressions for ^j,. All the coefficients in front of the 
invariant amplitudes A'j. j(s) are regular confirming our 
claim. 

Though the presentation given so far proves our claim, 
it leaves obscure how to arrive at our result. The trans- 
formation Uj. can be derived by a polynomial ansatz for 
the invariant function Fi, as it arises in the limit of short- 
range forces. As an initial condition the expressions for 
the partial-wave amplitudes are made regular. This 
condition by itself is not sufficient since it may lead to 
projectors that are singular or equivalcntly to amplitudes 
Tl that are still correlated. The absence of such residual 
correlations is most efficiently proven by the construction 
of their associated projectors. 

As an example for the construction of the projectors 
we elaborate the derivation of 21 ^7 '^)- Given i37l 
the contribution of each of the invariant amplitudes 



to the 2f partial-wave amplitude can be calculated. The 
various contributions multiplied by their associated on- 
shell tensors define a scattering amplitude which consti- 
tutes an on-shell version of the projector afe(^i 
To be specific we obtain for the on-shell version of the 
projector associated with 21 j 



yi2i 



on— siicli Z S 



M. 



±T^Y'j_^-^{s~Ml)p\ 



2 s 



(44) 



expressed in terms of the on-shell tensor basis ( |12[ ). An 
important property of the projectors is their indepen- 
dence on any ma ss p arameter. Any mass factor or 
Mi occurring in (44) can be eliminated in favor of an 



appropriately chosen factor jj/i or pi. This leads to the 
following identities, 



M± 
~27 



k-' 



(45) 



where we used (33). Note also {Ei — E2)^/s ~ 2{wk) = 
M+M_ and = -r^. Applying (|45| to leads to 



the result given in (41 1 



Further detailed analyses were performed for the cases where there are one or two spin three-half particles in the 
final or initial state. We derived the corresponding covariant partial- wave amplitudes and the projectors y^. j^. 

Since the expressions are prohibitively tedious they are not presented here. All what is needed in most practical 
applications are the transformation matrices from the helicity states to the covariant states. For those explicit results 
are provided. We assure that the implied phase-space distributions (35 1 confirm with the desired asymptotic behavior 
(36). The matrices for the cases involving one spin one-half and one spin three-half state are shown in Tabs. ITI]- 



ni In Appendix B we show as a further example the projectors for a reaction involving one spin three-half particle 
only. For the most tedious case with two spin three-half states, we have derived the transformation matrix in two 
steps. First we derive a set of covariant amplitudes that are free of kinematical constraints, even though at this point 
they do not have the appropriate asymptotic properties ( 36 ) . This first step is defined by the transformation matrix 
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fl 1) • vfs 

\ ^ / ' pa-1- 


■ =^Y J+1 pa± 


l^>^j • Ty j+i 


■ Y J + 1 1 a-pMi ' a-tp j 




(3,3) : ^j+ij^ 


/. ,N , / J(J-l) f2M±s-SMip^ Mis-4M^p2\ 


o^ . + / J(J-r} 2(^i:pMip-<.±(2p--BiV3)) 




V"*!^; ■ {J+l)(J+2) a^a±Mi 


{%^) . icy (j_,_i)(j_,.2) 


V^^'^) ■ (j+i)(j+2) 



TABLE II: Non zero elements of the transformation matrix for the 1 1 channel. 



(1,1) 
(2,1) 
(3,2) 
(4,1) 
(4,3) 



'_3J_ v5 
J+1 



J+1 a. 



J(J-l) / ±2M+a-8M2p'' 
(J+l)(J+2) a^M2VS 



M2S±4M^p^ \ 
a+M2P J 



V 



J(J-l) pM^ 
(J+l)(J+2) a±Vi 



(2,1) 
(3,1) 
(3,3) 



_j_ / 3 J M^y/i 
y J+1 pcK^ 



' J 

J+1 



2M 



' aq:M2 



J + 1 a± 



(A 9-1 / J(J-l) " 2(%M2P±a±(2p^-iS2^)) 
K^'^) ■ Y {J+l)(J+2) a^a±M2 

(4,4) 



J(J-i) 



(J+l)(J+2) 



TABLE III: Non zero elements of the transformation matrix for the \ | channel. 



(1, 1) 


. 3S-V2 
a+ p2 


(2,1) 


(3a|+a|)s3/2 
a+ p2 


(2,2) 


4 a+ s 


(3,1) 




V 


ctzf a-^ V J + 1 


(3,3) 


3s 


(4,1) 


73 7J (q± -Ei+a^ p) s^/^ 


a+ \/j V J+1 P 


CK± %/J+l Ml p2 


(4,3) 


. ^^ \/3s 


(4,4) 


. 1 2 \/3s 


■ ~'~ a+ a/J v'J+Tp 


aq: 7J n/J+TMi 


(5, 1) 


_ E2+a^ p) s^/^ 
«± VJ+1 -AJ2 P^ 


(5,2) 


. 473/3+ \/js 

• + 7J+ip 


(5,3) 


V^(a^+3ai|) s 


(5,4) 


. 2 73s 


a+ VJ V j+1 p 


■ a+ 7J 77+1 Ml 


(5,5) 




(6,1) 


73 7J-^7J (+2;a± B2+a± M2) s^/^ 


■ \/j%/j+T 


a+ 7J+T 7J+2 M2 p2 


(6,2) 


_ _l_4 v/3^i| vAT^y/js 


(6,3) 


2 73 (q^ /3+ +3 a± ^f± ) 7J^ s 


a± \/J+T \/J+2p 


a± 7j 7J+T 77+2 p 


(6,4) 


, _^ 2 %/3;9+ v'J^s 


(6,5) 


-4 73Q:p /9± 7J-^7i 


■ ^ aj- a-t \/j v/J+T\/J+2Mi 


a± 7J 77+1 \/J + 2 


(6,6) 


2 V 3 y-T^ ;) v'~ 


(7,1) 


73 77^v "(J^ -El p)s''/2 


c<± -/J -/J+I -/TPPI M2 


a+ 77TT 77+2 Ml p2 


(7,2) 


4v/3\/J^VJps 


(7,3) 


-2 73 77-^ (-El ±4 a+ p) s 


■ """ai \/J+T\/J+2M2 


a± 7J 77+T 77+2 Ml p 


(7,4) 


-2 V3 (±4c«:p a+ /3++/3±) \/J-^3 


(7,5) 


_ 1 4 73ci^ 7J-1 («+ -Bi+Q!:p p) 7s 


alp a± \/j VJ+I v'J+2 Mi 


a+ 7J 77+1 77+2 Ml 


(7,6) 


. 1 2\/3 VJ-IPV^ 


(7,7) 


_ 8 73a± 7J-lp 


a± a/J v'J+T VJT2 Mj 


■ 7777+177+2 


(8, 1) 


_ /3± (3/3|+/3|) ^/J=2 7J=T^/Js3/2 


(8,2) 


2 77-2 77-n: 77 (/3^ Mf M2±3 /3+ M2 p^ +2 p^ ) s 


a± VT+TvAT+S VJ+3p2 


a ^ 77+177+2 77+3 m2 M2 


(8,3) 


___2VJ-2 vO-Ta:p (3 (3±4c«^) M2 + I6 a"^ Mi p^ + 12M2P^) 


(8,4) 


16 /3+ 77^ 77^ (-3/9+ M2T2a^p) 7? 


■ ^ 77 vT+T vOT2 s/J+S Ml p2 


77 77+T 77+2 77+3 p 


(8,5) 


_ , 4a:p v'J-2 V'j^(^8a:p ^(^ M2 + (a|+3a^) Vs) 


(8,6) 


, 8a^ /3:p 77^77^p 7s 


\/J+T \/J+2 \/J+3 


a± 77 77+T 77+2 77+3 M2 


(8,7) 


8 77-2 v'J-^p(±3/3± M2+2a^p) 


(8,8) 


, 8 aq: 7 J-2 7J-1 P^ 


•/j VJ+1 VJ+2 VJ+3 M2 




7777+177+277+37; 



TABLE IV: Non zero elements of the transformation matrix C/f 3 3 for the 1 1 channel. 
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3 3 , which is given in Tab. 



IV 



The final transformation is 



U 



-1-3 3 
^'2 2 



U 



1 3 3 
^'2 2 



± 



Ml M2 
2 

Ml M2 



2 J 



Ml M2 





-4 J 

Ml 

4 J 
Ml M2 
1 8 J(Mi=fM2) 
M| 




1 

s 







_|_ 2 J M2 
^ Ml s 



Ml M2 
1 



M2 

2 (Mj^+MJ+s) 

Ml M2 s 
2 

Ml M2 
j^ 2(Mi±M2) 



Ml M2 - 
4 



M2 V 





± 



Ml M2 



M2 











1 

s 

_ 1 
1 



Ml V 

±6 











1 

Ml 



± 














^ zr 4 A ; 

Ml M2 s / 



VI. CONCLUSIONS 

We have constructed partial-wave amplitudes for 
baryon-anti-baryon scattering which are free from kine- 
matical constraints and frame independent. Those am- 
plitudes are well suited to be used in partial-wave disper- 
sion relations. Explicit transformations from the conven- 
tional helicity states to the covariant states were derived 
and presented in this work. We considered the scattering 
of two spin-1/2 , two spin-3/2 particles, and a spin-1/2 
from a spin-3/2 particle. 

As a necessary intermediate step we identified com- 
plete sets of invariant functions that parameterize the 
scattering amplitudes of the various processes and are 
kinematically unconstrained. The latter are expected 
to satisfy Mandelstam's dispersion integral representa- 
tion. Furthermore we constructed a projector algebra 
that solves the two-body Bethe-Salpeter scattering equa- 
tion in the limit of short range forces. It was pointed 
out that the existence and smoothness of such a projec- 
tor basis is closely related to the existence of covariant 
partial-wave amplitudes. Explicit expressions for such 
projectors were presented for the two simplest reactions. 

The present paper thus offers an efficient starting point 
for analyzing baryon-anti-baryon scattering in a covari- 
ant coupled-channel approach that takes into account the 
constraints set by micro-causality and coupled-channel 
unitarity. 



Appendix A: Expansion in Legendre polynomials 

The helicity-partial-wave amplitudes are expressed in 
terms of Legendre polynomials and the invariant ampli- 
tudes. We introduce a set of auxiliary helicity amplitudes 



1 



(Ai,A2|T|+Ai,+A2) 



± 



(Jo 
-X 

Jo = Min(|A|,|A|) 



(Ai,A2|T|-Ai,-A2) , (Al) 



where A = Ai — A2 and A = Ai — A2 is the total helicity 
of the initial and final state respectively. Partial-wave 
matrix elements can now be expressed in terms of 0^ 
and the Legendre polynomials P„(cos6'). It holds 



*±,i7 — (-^17 -^2! TjIAi, A2) 



±(„l)Si-52 (Ai,A2|T7|-Ai,-A2) 



^ d COS 9 



(./) 



and 



(A2) 



n— J+ Jo 

^ (-l)^^-^'(2n+l) 

n=\J-Ja\ 



Jo J n 
-A, A, 



Jo J n 
-A, A, 



P„(cos6l) .(A3) 



Appendix B: Projectors for the || — > || reaction 



The expressions of the projectors provided in (41) 



can be further simplified by using appropriate building 
blocks, that are derived by suitable derivatives on the 
function Fj"''(f, r, s). We write 



d'Yj'''^,^Yj-\f,r,s) = iJ-n)'-^Yj 



in) 



2 2\ (./-«)/2 

Pj (x) 



Y 



s s 



J-1 ' 



--Y 



■J 



(n+l) 



9 _ 2 



Y 



s 

(n+l) 



2 



j-i ' 



(Bl) 
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where we used 

X Pf+'\x) = {J-n) Pf\x) + Pt\'\x) ■ (B2) 
The projectors for the W W reaction read: 

yii2 ^±^^{p±(^p± >) Yj , 

3^121 = ±^ {%P± ® d'^ Yj , 
3^±,22 - T [%P± ® P± 7.) d^'d" Yj , (B3) 
where we recall the notation 



7'" = 7^ - 



(B4) 



Appendix C: Projectors for the H — > f | reaction 



It holds 



r" (P^ (g, P± 7„) 



Is 



^±)m = - 



^" 2s 



s- A/4) (Pi®F±)^. 

=F ^ '±>tJ. : 



s + Af+Af_ „ ,- 



(CI) 



where we use the notation of ( |B4[ ) and 

{T <i^T)f, ^ u^ipi)Tv{P2)viP2)Tu{pi) . (C2) 



The first two on-s hell identities in (CI I resemble our pre- 
vious results ( 45 ) used in the derivation of the h-k ^ ^ ^ 



projectors. The last two identities follow from 



= u;/^ + 2 /c^ = + 2 + 2 



w ■ k 



(C3) 



We first provide some useful intermediate results used 
in the derivation of the projectors for ^5 — >■ |^ reaction. 



where we recall (11 33 1 . Using the notations of Appendix 
B we obtain: 



-^±,11 



■y±,i2 



•y±,22 



^±,31 



•y±,32 



■y±Ai 



■y±A2 



±'^^^^[PiP^®P±]w^Yj 



V2 J + 1 

2syfs 
V2 J + 1 

^/2J+l 

2Js 
V2J+1 



(jfiP^ ^ P± 70) u;" Yj , 
(j^ilo^P^® P±)w^^d'^Yj, 
fi7„P^ ® P± 7^) B'^d^ Yj , 



± ^ ^/i [(P^ ® P±) (s<9^ - 2 Jw'') + (fi 7„P^ ® P±) w^' d° 



Yj, 



V2 J + 1 



Js 



± 



± 



■ (P:p P± 7/j) 2 J u)^9'5 + (^1 7„P:p (g) P± 7^) u;^ 9^9'^ 
V2 J + 1 r/. „ „ \ 

-(fiP:p ®P±) 4 J(J- l)u;^ 
V2 J + 1 



Yt 



%P^ (g) P±]s^ a^a" - (7„P:p ® P±) 2 ( J - 1) s u;'^ 5" 
7„P^ ® P± 7^) s2 B'^B'^d^ - (7„P^ ® P± 7^) 2 ( J - 1) w'' s 



J(J- l)sys 
fiP:p (g P± 7^) 4 J ( J - 1) 9^1 Yj . 



(C4) 



Note that the last four projectors in (C4| involve structures already present in the first four projectors. 
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